The Square-Cube Law:
Why Size Changes Everything

e A mouse-sized elephant or
house-sized ant: impossible
by geometry, not magic

e The rule: area grows as k2,
volume and mass as k°

e Galileo first stated it in
Two New Sciences (1638)

® Our path: geometry, living things, |- D N—
structures, the wider universe, practice



The Geometry Behind the Rule

® Scale factor k: length x k, area x k?, volume x k*
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® True for every shape, not just cubes

® 1 m cube: 6 m? surface, 1 m3 volume

6 m?

surface

® Double the side: 24 m? surface, 8 m? volume

® Surface-to-volume ratio falls as 1/L

® Inverse forms: L o VX73) A o (2/3)

® Misconception: a bigger object is not
just a scaled-up version




From Chandeliers to
Giant Bones: Galileo’s Insight

e Double a chandelier: weight x8,
rope cross-section x4

e His giant bone: stretched 3x,
grotesquely thick to bear weight

e Big structures cannot be enlarged
in art or nature

e A giant "will fall and be crushed
under his own weight"

e Small bodies gain strength:
a small dog carries two or three

e Falling: a horse breaks a leg,
an ant survives a fall



Bones, Muscles, and
Why Giants Fall

® Bone strength scales with area (k?);
body weight with volume (k)

® King Kong at 10x taller: 1000x weight,
only 100x bone cross-section

® Haldane’s 60-foot man: thighs would ‘
break at every step

® Mammal skeletal mass scales as body - .
mass™1.33 — bones grow heavy, not just long y )] _

® Allometric scaling: real organisms

deviate from pure geometry —
that’'s where biology lives

Strength « k? « Weight « k® « Relative strength o« 1/k




Why Ants Out-Lift Us — g
and Why That Doesn't Scale

Muscle force scales with cross-section:
mass”(2/3), not mass

Relative strength S/M falls as
mass”(-1/3) — smaller means
relatively stronger

Ants carry roughly 9-50 times
their own body mass

A house-sized ant: absolutely
stronger, relatively far weaker

Real insects deviate: leaf-cutter ’
ants pack extra muscle volume

Lesson: relative feats are small'—'Eode“" % >

privileges, not superpowers \ " % R i
- -
- | v\‘



Heat, Oxygen, and the Limits of Living Cells

Heat produced scales with volume; heat lost scales with surface area
Big animals overheat slowly; small animals lose heat fast
Diffusion favors high surface-to-volume: long distances slow oxygen

Paleozoic oxygen debate: hyperoxia may have enabled giant insects

Adaptations: lungs, gills, villi, capillaries, and folding pack surface into volume



Structural Scaling:
Why Tall Buildings
Need Different Rules
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® Columns have a height limit: }
compressive stress at the base | Hes
grows with height
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® Wind and seismic loads, not gravity,
govern tall-building design
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Manhattan city blocks, not engineering

® Base width is limited by ~200-foot \ . Anas . M

® Above ~10 stories, lateral stiffness
controls design, not strength

® Masonry's proportional rules worked
because stability, not elasticity,
governed




Vehicles, Ships, and Aircraft: Scaling in Design

e Crash energy scales with mass; e A380 as scaling correction: e Clippers need relatively
structural pressure rises with scaled 737 wings would be more sail area than sloops
scale factor far too small iatll

e Watt traced engine gains to
cylinder surface-to-volume heat loss




Data Centers: How the Law
Shows Up in Today’s Hardware

® Heat removal is a square-cube problem: minimum
length scales with Vpower

® Air cooling fades at 20-40 kW per rack; fan power
scales with speed cubed

® Water moves ~4x more heat per mass and 1000x
per volume than air

® Manage what the IT inlet sees: 18-27 °C per
ASHRAE guidance

® 2026-era lesson: capture heat at the source,
don't upscale the air system

Square vs Cube Air vs Water Heat Capacity

________

Fan Power Scales with
Speed Cubed
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Fiction Under Scrutiny

Kong, Godazilla, and
Movie Physics

® King Kong: a scaled-up gorilla with bones
~10x too weak to move

® Real bone fails near 2 x 108 N/m? —
vigorous activity nears that limit

® Buoyancy offsets gravity, so the largest
animals ever were aquatic

® Haldane's Pilgrim's Progress giants would
break their thighs each step

® Hook learners with fiction, then apply
the numbers where the law bites




Why Planets Are Round
and Asteroids Aren'’t

e Roundness: self-gravity (grows with size) vs. material strength (fixed)

e |cy bodies round near 400 km diameter; rocky ones near 800 km

e |AU test: mass enough for self-gravity to beat rigid forces

e Mimas, at 396 km, is the smallest known round candidate

e Below ~200 km: irregular; above ~400 km: round, few exceptions
e Max mountain height falls as 1/radius: hmax = 30/(4tGp?R)
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Hands-On: Estimating Scale Effects Yourself

® Quick drill: scale factor k = 3 and k = 10; compute area and volume & ¥
B heck: 3x | o] ds ~5.2x di i 27 SEHICE,

o : =5 -
one check: 3x longer | <-3ne r'aee S 'x lameter-(cross sectlorf x27) A o k2 v o k3

® Ant check: human a million times heavier — relative strength differs ~100x ’ ’

® Heat check: double a model animal’s size; how does surface-to-volume change? S/V o 1/L

® Educator prompt: find the square-cube law in a news story this week - /

1. Quick drill | 2. Bone check 3. Heat check |

scale factor k = 3 and k = 10; | 3x longer bone needs ~5.2x double a model animal’s size; |
compute area and volume diameter (cross-section x27) how does surface-to-volume change?

Area: Area:

Volume:

Volume:




Where the Law Applies — and
Where It's a First Approximation

® The law governs proportions,
not absolute size — large designs e
need redesign, not prohibition

First

® Geometry-dominated cases fit
closely; biology and materials
deviate via allometry and
composites

® Apparent exceptions confirm
the rule: buoyancy for whales,
folding for lungs, wind loads
for towers

® Watch the units: area and volume
scale cleanly, but metabolic rate
runs at about the 3/4 power

® Wh ign is scaled- Buoyancy , Wind loads
en a design is scaled-up S Fokiat L ol

unchanged, ask: which quantity, forlunaa
and by what exponent? .-




Key Takeaways and
Further Exploration
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Area scales as k?, volume as k3 —
everything else follows

Same arithmetic: giant bones,
skyscrapers, data-center cooling,
round planets

Fiction fails the calculation —
that makes it a great teaching tool
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Read next: Galileo's Two New
Sciences (Day Two); Haldane's '7/ |
On Being the Right Size I

Haldane’s
On Being the Rj °
Then: D’Arcy Thompson's 9 ng the Right Size
On Growth and Form; current

: D’Arc :
data-center cooling literature U ThomPSOHS

On Growth and Form
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